Disclaimer: I am no professional mathematician. Though, it seems to me that the intuition presented in this preprint has not yet been explored by the mathematical community. This intuition seems very consistent and makes predictions, these predictions can be verified numerically. Because this article is a preliminary work, some parts of the proof are not complete. They will be explicitly indicated.
From here, we can show that if z is a non trivial zero of zêta, the following quantity converges to a relative integer seemingly even. Though the reciprocal is false, it is natural to compute it for the known non-trivial zeros of zêta: 
Introduction
For convenience, we define for z ∈ Ω: ζ n (z) = n j=1 1 j z , n ∈ N * ζ 0 (z) = 0
(1)
In the whole paper, z is defined as a complex number of Ω an open set of C. x and y are defined with no ambiguity as its real and complex parts:
We are not going to make a real difference between the complex representation of z and its vectorial form (x, y). Therefore, we will allow ourselves to use these representations quite freely.
Let's now discuss the intuition that gave rise to this paper. I'm uncomfortable with the usual way of defining the zêta function [1] .
In this notation, information is lost on how the partials sums converge to zêta. To me, a more meaningful, but still not perfect way to define zêta would be something like:
This definition is not equivalent to the usual one, it is indeed defined even if x = 1. Though it is possible to do much better. What we are going to show is that, in a way, the zêta function can be defined as the center of a logarithmic asymptotic spiral described by the partial sums of the Riemann series {ζ n (z)} n∈N . In fact, this sequence describes a converging spiral for x > 1, a circle for x = 1, and a diverging spiral for x < 1. In each case, the value of zêta is the center of these spirals. We are going to take advantage from this fact to define zeta for: x > 0. 2 The radial convergence, a geometrical summation method for the Riemann series 2.1 The radial convergence for the special case z ∈ {1 + iy, y ∈ R * }.
In this subsection, Ω is defined as:
Let us define:
∆ n (z) is a straight line of the complex plan. Considering 1 n z as a vector, it is clearly not collinear to
z ) = y ln( n n+1 ) = 0. Therefore, ∆ n (z) and ∆ n+1 (z) must have an unique intersection point. Let us call it c n (z):
Let us adopt the following notation:
Figure 2 is a plot {c n (z)} n∈N , and we can enunciate our first theorem:
Theorem 2.1. For z ∈ Ω, δ n (z) converges by Riemann sommation, and we can define with no ambiguity:
Proof. Using geometrical relationships, we can write from the Figure 3 : , we can calculate the asymptotic expansion of δ n (z). This calculation is quite tedious, but at the end of the day one can show that:
The series converges by Riemann sommation. This proves the theorem.
In addition, we can observe that:
Which leads us to our second theorem: Theorem 2.2 (Asymptotic circle). Lets note C a b the circle of radius b and center a. We have:
Proof. By triangular inequality, we can write:
, ζ n (z)) the distance between the circle and the sequence:
We have:
From Equation 14 we can conclude that:
which finishes the proof.
From the Figure 2 , one can expect {ζ n (z)} n∈N to populate densely the circle, which is a reasonable conjecture. It would lead to an equality and not a simple inclusion in Theorem 2.2. Though, the demonstration of this conjecture is not necessary for the rest of the proof.
An other reasonable hypothesis is that c is actually ζ. But as Equation 10 only applies for x = 1, we need first to extend the definition of c to a bigger open set and show that it is analytical and coincides with the Riemann zêta function.
2.2
The radial convergence for z ∈ {x + iy, x > 0, y ∈ R * } For the rest this section, we define Ω and ω as:
To understand the rest of the proof, we first need to make the following observation: 
We recognize the definition of a logarithmic spiral [2] in the complex plan. Such a spiral intersects its radius with a constant angle α, like it is shown in Firgure 4. In this case, we can compute this value, and we find:
We can see that
. Therefore, it is natural to give a new definition to ∆ n (z):
For the same reason than in the first section, we can define with no ambiguity the sequences {c n (z)} n∈N and {δ n (z)} n∈N * . From the Figure 5 , it seems reasonable to expect {c n (z)} n∈N to converge over the critical strip. It can even already conjecture that their limit coincides with ζ(z).
Existence and continuity of c : Ω → C
First, let us remind the definition of a domination function:
We are now ready to formulate the weak version of what will be called from now the radial convergence for the Riemann zêta function. Theorem 2.3. For z ∈ Ω, the sequence {c n (z)} n∈N converges uniformly to c(z). c : Ω → C is continuous over Ω, and we have: Proof. First, we observe from Figure 6 that we can write δ n (z) as:
To obtain this result, we have first computed the algebrical module of δ n (z) only using geometrical relations in the Figure 6 . Then, we compute the algebrical argument of δ n (z) by induction and show that it is in fact: α(z)−y ln(n+1).
We also work out the expression of c 0 (z) by hand. It can be neatly written as: This enable us to write:
Then, just like in the first section, we compute the asymptotic expansion of |δ n (z)| as n goes to infinity:
We find:
c 0 (z) and δ n (z) are continuous with respect to z over Ω. It can be even say right away that they are real-differentiable.
Now, a domination function needs to be chosen. Though, it is not that easy in this case. Indeed, for large values of y, because of the presence of in the expression of |δ n |, we can expect |δ n | to explode for the first values of n.
From Equation 27, we can give the following expression for |δ n |:
We introduce: d x,y : R * + → R, the function defined by:
The limit of d x,y is:
The detailed study of d x,y is necessary in order to be able to properly dominate δ n .
Let us denote Ω d a bounded open set of Ω:
the set of the bounded open sets of Ω. We can define:
This function is such as:
Proof. This proof is very technical, and is not detailed in this paper. But here are the mains ideas:
• First, we observe that the sign of d x,y (n) does not depend on the sign of y. We can limit our study to y > 0.
• Then, we observe that for n > n B = , the signs of sin(y ln( n+1 n )) and tan(y ln( n+2 n+1 )) do not change anymore.
• We take advantage from the fact that the series expansion of sin(x), cos(x), ln(x), and 1 (1+x) α>0 , when truncated, gives majorations or minorations of these function for x > 0.
• From here, we define two multivariate rational fractions that give upper and lower bounds for d x,y (n) starting from n B , Figure 7 .
• The dominant coefficient of the denominator of these two fractions is an integer.
Using this last argument, it is possible to show that from a certain value of n, d x,y (n) must lie in a certain range around its limit. The code used to produce these upper and lower bounds of d x,y is accessible via the GitHub link at the beginning of the document.
From here, it will be assumed such a domination function exists:
This function is integrable by Riemann sommation over any Ω d in Ω. We can even specify from when this domination is effective for Ω d . It is from n 0 (Ω d ), which does not depend on the choice of z in Ω d .
To summarize, we have:
• |δ n (z)| converges over Ω d by Riemann sommation. 
and is integrable.
Therefore, c 0 + δ n converges normally and in consequence uniformly to c over Ω d . c is continuous over any Ω d , so c is continuous over Ω.
Finally, we have to prove that this expression coincides with ζ on ω ⊂ Ω. It comes from the fact that:
From Figure 6 , we can show that:
This implies that c is complex-differentiable over ω. We now need to show that c is complex-differentiable over Ω, in particular on the critical strip.
Real-differenciability of c : Ω → C
Showing that c is complex-differentiable over the critical strip is quite challenging because c 0 and δ n are not holomorphic functions. Therefore, the first step is to show that the Jacobian of δ n is well defined and continuous (real-differentiability).
Only then we can verify it satisfies the Cauchy-Riemann equation (complex-differentiability).
A way to show that c is indeed real-differentiable is to show that J δn converges normally for the infinity norm. This works, but it leads to very tedious calculations that are not described here. Again, the domination is by far the most technical aspect of this proof, though the formal calculation of J δn gives immediately the following result:
Therefore:
We can conclude that J δn converges for any (x, y) in Ω. We now need to find a domination function for J δn , for the infinity norm over Ω d .
It's possible to reuse the technique described in the last section to find a domination function for J δn , but I think there must be a more elegant solution to this problem. For the rest of the proof, we are just going to assume that we have the following sum to converge normally for the infinity norm:
2.5 Complex-differenciability of c : Ω → C, equality with ζ : Ω → C First, we can rewrite Equation 24 as:
The series δ n converges normally, therefore we can rearrange the terms in the sum. More precisely we observe this sum is actually telescopic. We can write that:
Therefore, from Equation 25, we can write:
Now, let us introduce:
Because J δn converges normally, this rearrangement is also true for the jacobian of c n (z):
ζ n (z) is a sum of holomorphic functions. Therefore, what we have to show is that J rn ((x, y)) tends to satisfy the Cauchy-Riemann equation as n goes to infinity for any (x, y) ∈ Ω.
First, we compute the following quantities:
Now, we can write: 
Then, we take adventage from the fact that g n is complex-differentiable:
Therefore we find:
Exactly the same phenomenon happens for
∂y , and we can write:
This is enough to conclude that c in holomorphic over Ω. In addition, it coincides with ζ over ω which is an open set, therefore we finally have:
2.6 Discussion one the radial convergence
This summation procedure can remind the reader the link between the Riemann zêta function, and the Dirichlet êta function [3] :
Like the radial convergence, this definition is valid for x > 0. However, there is a much more interesting observation to make here.
Indeed, applying Cesàro [4] summation on the original Dirichlet series makes it converge for x > −1. Applying it again will have the series to converge for x > −2. From here, one can show by inference that the Dirichlet series can be analytically extended to the whole complex plan by applying Cesàro summation infinitely many times.
It seems that we have exactly the same kind of property for the radial convergence applied on the Riemann series. This result is purely numerical and will not be proven here. But it appears that applying the radial convergence infinitely many times on the Riemann series makes it converge over the whole complex plan, private from the real axis.
An observation that is consistent with this idea is the following fact: For x = 0, one can observe that the sequence {c n (z)} z∈N converges to an asymptotic circle.
Link with the non-trivial zeros of the Riemann zêta function
In this section, Ω is now the critical strip:
We are now going to change our point of view on c n (z). Because it is the intersection of two straight lines in the complex plan, we can see c n (z) as the solution of the following system:
With:
We can now see explicitly that this system always has solutions:
The complete expression of A −1 n is:
We then rewrite B n as:
For z ∈ Ω, it has already been proven that |ζ n (z)| is unbounded. Therefore, considering the Equation 55, the following assumption seems very reasonable, though it would deserve a explicit proof.
If z is a zero of ζ over Ω, then we have:
Which with a bit of rearrangement can be formulated as the following theorem: Theorem 3.1.
With arg sum (ζ n (z)) the cumulated argument of ζ n (z):
Again, the complete proof of this theorem is not given here, but the numerical results are very consistent.
Let us call this integer U z when it is defined. For the known zeros of the Riemann zêta function, we can numerically compute this value. Here are the first 30 values for the 30 first non trivial zeros:
We can observe these values are all even, But there are no clear pattern in their distribution despite this fact. The python code used to generate this table of values is on the GitHub. This sequence does not appear yet on: https://oeis.org/ [5] .
Let us call:
In the figure Figure 9 , we also introduce γ n (z) accordingly. One can show by induction that this γ n (z) value is actually:
Now, using geometrical considerations, it is possible to give the following induction formula for sin(θ n (z)):
This formula does not generalize nicely by induction. That is why the quantity arg sum (ζ n (z)) is not easy to compute.
However, from a geometrical point of view, because the Riemann series is notv bounded if z is in the critical strip, one can remark that we must have γ n (z) to converge to α(z) modulo 2π as n goes to infinity. This interpretation gives an n y(n) U(1/2-i*y(n)) explanation to why U z is always even. One can remark it is in reality well defined all over the critical strip, though its convergence rate appears to be slower. From here, we can plot U z for x = 1 2 ( Figure 10) . From this plot, we can clearly see that the zeros of the Riemann zêta function play a special role is the distribution of the values of U z . 
